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Motivation

e Define a discrete random variable XV of cardinal N approaching X,

e Allowing us to to approach E f(X) by E f(XV)

N
EF(XY) =3 FMBXY = xM),

i=1
e Then study the error induced by this approximation: finding the highest o
such that

lim N|Ef(X)—Ef(X")| < Gx < +o0.
N—+oco
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Definitions

Let Ty = {x{',...,x}/} C R, a subset of size N, called N-quantizer, we define:

e The Voronoi partition of R induced by the N-quantizer:
— (W) G {eeRe— o < minke— x|
e

Easily defined in dimension one.

e The Voronoi Quantization of the random variable X:

X™ = Projr, (X) = ZX Ixeci(ru)
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Definitions

Let Ty = {x{',...,x}/} C R, a subset of size N, called N-quantizer, we define:

e The Voronoi partition of R induced by the N-quantizer:
Vie (LM G c feeRle - <minle - 11}
JF!

Easily defined in dimension one.
e The Voronoi Quantization of the random variable X:

N
X™ = Projr, (X) = > xM lxec(ry)

i=1

e It is convenient to define the quadratic distortion function at level N:

N N - N2 TN |2
IXx = — X —x; =|IX - X"
QN x (Xl ) aXN) (ieTll,r)\l]]| ;| > | 15
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Existence

The optimal L2-mean quantization problem consists in minimizing the quadratic
distortion function over all grids I of size || < N.

Theorem (Kieffer, Cuesta-Albertos, Pagés, Graf Luschgy)

For every N > 1, there exists (at least) one quadratic Optimal Quantization
grid TV at level N and N inf,cgyv Q2 n(x) converges to 0 and is decreasing
as long as it is positive.

Definition

| A\

A grid associated to any N-tuple solution to the above distortion minimization
problem is called an optimal quadratic N-quantizer.
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Stationarity

A really interesting and useful property concerning quadratic optimal quantizers
is the stationarity property.

Proposition (Stationarity)

Assume that the support of P, has at least N elements. Any L?-optimal
N-quantizer 'y € (]R)N is stationary in the following sense: for every Voronoi
quantization XN of X,

E (X|X") = XV
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Asymptotic behavior in N of O, n(x)

Theorem (Zador's Theorem)

Let X € LE(P) for some & > 0. Let P, (d€) = (&) - A(d€) + v(dE), where
v L X i.e. is singular with respect to the Lebesgue measure A on R. Then,
there is a constant J, 1 € (0,+c0) such that

- - .
lim N min X =X"|, = ha [/ g03d/\}
N—+oco  TyCR,|[Iy|<N R

with j;l =1

i2-
v
Theorem
Moreover

Jm VB [g(RMIX - K] = 0,) [ s(©)P, ()

for every function g : R — R such that E g(X) < +o0.
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Local behavior of optimal quantizers

Theorem (Local behavior of optimal quantizers)

Let P, be a distribution on the real line with connected support supp(P, ).
Assume that P, has a probability density function @ which is positive and
Lipschitz continuous on every compact set of the interior (m, M) of supp(P, ).
For every [a,b] C (m, M), a < b,

(a) the weights are asymptotically uniformly distributed

2 N—+oc0
sup NP, (G (M) - cprned ()| H425 0,
{i:x/. e[a,b]}

(b) the local distortion is asymptotically uniformly distributed

N—+o0
sup

{i:xNela,b]}

0.

) ol
% / [P, (de) — 1AL
C(Tn) 12
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L"-L5-distortion mismatch

Theorem (L'-L°-distortion mismatch)

Let X : (Q,A,P) = R be a random variable. Assume that the distribution P,
of X has a non-zero absolutely continuous component with density p. Let
(Tn)n>1 be a sequence of L?-optimal grids. Let s € (2,3). If

X € L3579(Q, A, P)

for some § > 0, then

limsup N[ X — XV||. < +oc.
N
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Weak Error bounds for Optimal Quantization (d = 1)

What do we mean by weak error bounds for
optimal quantization?

Considering X, a random variable in dimension one and the quadratic optimal
quantizer at level N, XN of X, we are interested by the highest « in the
following quantity that keeps the limit upper-bounded

lim N|Ef(X)—Ef(X")] < Crx < +o0

N—+o00

for different classes of functions. )
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Weak Error bounds for Optimal Quantization (d = 1) Classical Results

Known results

e For Lipschitz functions: o =1

N—+oco

N EF(X)—Ef(X")| < [f,INIX = X[, < NIf,]IX - XY, =52 ¢

ip

using Zador's Theorem.

e For differentiable functions with Lipschitz derivative: o = 2 using the
following expansion for f

1
Fly) =)+ (y)y — x) +/O (F(ty + (1 = t)x) = /() (y — x)dt.

e For differentiable functions with o’-Hélder derivative: o =1 + o/.
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Weak Error bounds for Optimal Quantization (d = 1) New results

Piecewise affine functions

Let f : R — R a piecewise-defined affine function with finitely many breaks of
affinity.

(a) If f is continuous, then there exists a real constant Cr x > 0 such that

lim sup N2 ‘]E F(X) — IEf()A(’V)‘ < Crx < +oo. (1)
N

(b) However, if f is not supposed continuous, then there exists a real constant
Cr x > 0 such that

IimsupN‘E F(X) —IBf()A(N)‘ < Crx < +00. 2)
N

w
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Lipschitz Convex functions

Representation formula of Lipschitz convex functions

Let / be any interval non trivial (# 0, {a}) with endpoints a, b € R. Then,
there exists a unique finite non-negative Borel measure v := v on | such that,

f(x) =f(c) + (x — c)f(c) +/

[a,c)nl

(u—x)yv(du) + /[ b]m/(X — u)v(du).

v

If supp(P, ) Nsupp(v) is compact then there exists a real constant Cr x > 0
such that

lim sup N2 ‘]E F(X) — Ef()A(N)‘ < Crx < +0o.
N
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Weak Error bounds for Optimal Quantization (d = 1) New results

Lipschitz Convex functions

E [f(X) - F(XV)] = XN:E[(f(X)—fX ) Lixee

, ]}]
pt 1/2 :+1/2

Using the representation formula and noticing that

E[(x =) £ () Lixearan] =0

we obtain
N
]E[(f(X)—f(Xf )) (XEGY, o ,H/z]}}

-+ |/,

i—1/2%

HW
[x xN

,+1/2)

(u— X)4v(du) ]l{xe( PP ]}:|

(X _u)+u(du)]1{xe[x; +1/2]}:|
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Weak Error bounds for Optimal Quantization (d = 1) New results

Lipschitz Convex functions

Proof (Cont.)

Now, using a crude upper-bound, we get

I [(f(x) —f(x )) n{xe(xﬁl/z,xlf‘jrl/z]}}

<E {(x,-” = X) (01 /2:4") n{XE(XI_N_l/z,X’_N]}} +B | (X = x5l /2)) 1{X€[X’_N,Xﬁl/2]}}

<E [|x/" - X| ]1{XEC,-(FN)}} v(G(Tn))

Hence

N
0 < B [f(X) = F(XM)] < SB[ = X1 (xecryy | Y(GTw))
i=1

e

Il
-

<Y B[ = Xl xeq ] Lodes,y v(GTND)

. _ T N N
with J, = [Ian Xiy—1/27 SUPN Xib‘*'l/z]' Hence

S o N
N E [f(X) - f(xN)] < vllp, N sup E [|x” —X| ﬂ{xec,-(r,\,)}] HoH0, ¢ x < +oo.
f;x{\/esupp(lPX)mJu
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Weak Error bounds for Optimal Quantization (d = 1) New results

Piecewise-defined Differentiable functions

A function f : | — R is supposed to be locally-Lipschitz continuous, if

Vx,y el [f(x) = F(y)] < [l uelx = yl(c + 8(x) + &(¥))
where [f]. .. is a real constant and g : R — R,

A function f : | — R is supposed to be locally a-Hélder continuous, if

Vx,y el |f(x) = F(y)| < [Fl. welx = y[*(c + &(x) + &(¥))

where [f]_ . is a real constant and g : R — R,
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Weak Error bounds for Optimal Quantization (d = 1) New results

Piecewise-defined Differentiable functions

If f : R — R is a piecewise-defined continuous function with finitely many
breaks of affinity {ay, ..., ax}, where

—0=ap < a; <+ < ak < aky1 = +00, such that the piecewise-defined
derivatives denoted (f))k=o,....d are

(a) locally-Lipschitz continuous on (ax, ax+1) where 3qx > 1 such that the
qk-th power of gy : (ax, ax+1) — R4 are convex and
(Ilgc(X)|lqe)k=1,k < +00. Then there exists a real constant C¢ x > 0 such
that R

limsup N2 [E f(X) — Ef(XV)| < Crx < +oc.
N

(b) locally a-Hélder continuous on (ak, axy1), « € (0, 1) such that the qx-th
power of g : (ak, ak+1) — Ry are convex and (||gk(X)|lq,)k=1,k < +00.
Then there exists a real constant C¢ x > 0 such that

limsup N+ |E £(X) — E £(XV)| < Cr.x < +00.
N
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Piecewise-defined Differentiable functions

Ideas in the proof

e Divide the sum of the integral of the difference in two parts: one where
the cells contains a break of affinity and the other part where there is not:

BARM)-EA(X)= 3 / FM)—F(€) Py (dE)+ S / FM)—F(€) P, (d€)

IEIN IQIN

e Taking care of the second term in the standard way (Taylor expansion,
crude upper-bound, Zador's Theorem and L"-L°-distortion mismatch
Theorem).

e Now the first term: finite number of terms in the sum, integral
representation of f with ' bounded, hence

/C (I’N)/ u)du]P (d¢)

Summing among the term and using the Theorem dealing with the local
behavior gives use the result.

L) = ey ()
Gi(Tn)

S bl [ 16~ 1Py (@0)-
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Richardson-Romberg Extrapolation In dimension 1

Proposition (Weak-Error expansion)

Let f : R — R be a twice differentiable function with Lipschitz second
derivative. Then, V3 € (0,1), we have the following expansion

—~ C _
Ef(X) = Ef(X")+ 25 + 0 (n-em).

Moreover, if ¢ : [a,b] — R is a Lipschitz continuous probability density
function, bounded away from 0 on [a, b] then we can choose § = 1, yielding

Ef(X) = Ef(XV) + % +0 (N3,

| A\

Richardson-Romberg extrapolation

Combine X" of size N and XM of size M, with M > N in order to kill the
residual term, leading

Ef(X) = E (sz()w) - NZf(?N)> +o(n-e). 3)

M2_N2
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Richardson-Romberg Extrapolation A first extension in higher dimension

Table of Contents

Richardson-Romberg Extrapolation

m A first extension in higher dimension

V. Lemaire, T. Montes and G. Pagés Optimal Quantization



Richardson-Romberg Extrapolation A first extension in higher dimension

Proposition (Weak-Error expansion for product optimal quantizer)

Let f : RY — R be a twice differentiable function with bounded Hessian. Let
X : (Q, A, P) — R? be a random vector with independent components
(Xk)k=1,....a- For every (Ni)k=1,..a >1, let ()?;V")k:l,__,d be quadratic optimal
quantizers of (Xi)k=1,...,q taking values in the grids ([n,)k=1,...,q respectively
and we define XN as the product quantizer X taking values in the finite grid
Tn = Qy—1,. gl n, Of size N:= Ny x---x Ny. Then, we have the following
expansion

i) ( ) Ef(XN) + Z 2 + O( 2+5) vV, N;(2+5)) )
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Applications Quantized Control Variates in Monte Carlo simulations

Our quantity of interest

I :=Ef(2).

with Z € [2,(R, A, P) a random vector with components (Zy)x-1,....4 and
f:RY — R our function of interest.
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Applications Quantized Control Variates in Monte Carlo simulations

Our quantity of interest
I =TEf(2).

with Z € [2,(R, A, P) a random vector with components (Zy)x-1,....4 and
f:RY — R our function of interest.

| N

d dimensional Quantized Control Variate =y

=N ._ (EQ’

)k:l,...,d

where each component =Y is defined by
=N = f(Z) - Ef(Z)),

with f(z) .= f(E Z,...,z,...,]EZ4) and Zﬁv is an optimal quantizer of
cardinal N of the component Zj.
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Applications Quantized Control Variates in Monte Carlo simulations

Controlled approximation /" of /

d

d
IN=E(f(Z)- (\ZV) =E (f(Z) -3 /\kfk(Zk)> + 3 MEA(ZY).

k=1
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Applications Quantized Control Variates in Monte Carlo simulations

Controlled approximation /" of /

d

d
IN=E(f(Z)- (\ZV) =E (f(Z) -3 /\kfk(Zk)> + 3 MEA(ZY).

k=1

Remark (Optimal \'s)

We can find easily the \.'s minimizing the variance of X*
Var(X*) = min{Var(f(Z) — (\,Z")), \ € R“}.
The solution of the above optimization problem is the solution to the system

D(Z) - X = B where D(Z), the covariance-variance matrix of (f(Zx))k=1.....d
and B are given by

Var(fl(Zl)) e COV(fl(Zl), fd(Zd)) COV(f(Z), fl(Zl))

Cov(fy(Z), f(Z1)) - Var(fa(Zy)) Cov(F(Z), £4(Z4))
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Applications Quantized Control Variates in Monte Carlo simulations

Monte Carlo estimator of AN

d d
1 ~
PN = F(Z™) =Y MA(ZT) |+ MEA(ZY).
k=1 k=1
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Applications Quantized Control Variates in Monte Carlo simulations

Monte Carlo estimator of AN

d

M d
1 m m 7
EW = 2 <f(Z ) — ;?:1 Mefe(Zf )) + E :AkEfk(Z’iv)'

k=1

A\

Remark (Biased estimator)

The quantity we are really interested by is not the bias but the MSE (Mean
Square Error), yielding a bias-variance decomposition

MSE(P) (Z)\k(Efk 7Ny - Efk(Zk))> +%Var (f(Z)—zd:)\kfk(Zk)>.

k=1

bias? Monte Carlo variance
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Minimizing the cost of the Monte Carlo estimator

Our aim is to minimize the cost of the Monte Carlo simulation for a given MSE
or upper-bound of the MSE.

inf Cost(1N).
MSE(I M) <e2 ()

Let x = Cost(f(z)) for a given z € RY. The global complexity associated to

the estimator ™V is given by

Cost(I™N) = k((d + L)M + dN)

and if each f is in a class of function where the weak error of order two is
reached when using a quantization-based cubature formula then our
minimization problem becomes

inf  wx((d+1)M + dN).
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Vanilla options B&S

Payoff of a Call
(ST - K)+

with price

lo :=E (e (St — K),) = Call,s(So, K, r,0, T) = SoN(ch) — Ke "7 N(d>)

v

Approximation of IE (e='7 (S — K)_ ) using Optimal Quantization

e First, we rewrite the expectation in function of Z a normal distributed
random variable

E (e (St = K),) =Ef(2)
where f(x) :=e~ T (50 e(r—0%/2)T+oVTx 7K> .
+

e Second, we have

E (e_rT (St —K),) =Eg(S7)
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Applications Numerical Examples

Parameters

=100, r=01 o0=05 T=1, K =80.
The reference value is 34.15007.

009 Normal —w— o
008 Log-normal —e— Loglormal
60

0.07

0.06 NZ 50
u% 005 E 40
§ 004 g 20

003 g 2

0.02

0.01 1

0 0 100 200 300 400 500 600 700 800 900 1000 0 0 100 200 300 400 500 600 700 800 900 1000
Size of the optimal grid Size of the optimal grid

(a) N+— |lp — Ef(ZV)| (V) and (b) N — N2 x |lo — E £(Z")| (¥) and
N+—s |l — Eg(X")| (®) N+— N2 x |lh —Eg(X")| (@)

Figure: Call option in a Black-Scholes model.
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Compound Option B&S

Payoff of a Put-on-Call

(Kl _E [e*fﬁrm(srz — Ka)s | sn})+

with price

=& (e'T‘ (Kl —-E [e*'(TrT‘)(ST2 - K2)+ | 5T1D+)

=E e (K1 — Call,(Sty, Ko, r, 0, To — T1))., ]

v

Approximation of ly using Optimal Quantization

e First, Iy = Ef(Z) where Z ~ N(0;1) and
F(Z)=e T (Ky — Call (59— /ATHoVTZ K, v 5 Ty — Ty))y.

e Second, Iy = E g(X) where log(X) ~ N ((r —02/2)T;0v/T) and
g(X) = e_’Tl(Kl — CallBs(sz7 Ko, r,o, Ty — T1))+.
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Applications Numerical Examples

Parameters

L

so =100,r =0.03,0 =02, T; = T

1
T, = 5 K; = 6.5, K, = 100.

The reference value is 1.3945704.

0.0045 25
Normal —w— Negmal —w—

0.004 Log-normal —e— Log-ngtmal

0.0035
0.003
0.0025

Weak-Error

0.002

Weak-Error X N2

00015
0.001 05
0.0005

e
0 0
0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000

Size of the optimal grid Size of the optimal grid

(a) N+— |lo — E£(Z")| (¥) and (b) N —s N2 x |l — EF(ZV)| (V) and
N [l — Eg(XY)| (®) N—s N2 x |l — Eg(X")| (®)

Figure: Put-On-Call option in a Black-Scholes model.
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Exchange spread Option B&S

Exchange spread Option

(S%' _5'21' - K)+

with price
o :=F (e_rT (st -3 - K)+)

=E [CaI/BS (s& e=PPoiT/2+01pV T2 ,sa e(r=03/9T+02VT2 +K,r,o1V1 — p?, T)]

where Z ~ N/(0,1).
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Applications Numerical Examples

Parameters

sy =100, r=0.02, o0;=05 p=05 T=10 K =10

The reference value is 53.552678.

0.0018 315
Normal —w— Normal —w»—
0.0016
31
0.0014
0.0012 o~ 3.05
_ H
o x
5 0.001 s
M g 3
§ 00008 2
H ]
0.0006 = 295
0.0004
29
0.0002
!
0 285
0 200 400 600 800 1000 1200 1400 1600 1800 2000 0 200 400 600 800 1000 1200 1400 1600 1800 2000
Size of the optimal grid Size of the optimal grid
SN 2 SN
(@) Nv—|lb —Eg(Z")] (V) (b) N+— N* x |lo —Eg(Z")| (V)

Figure: Exchange spread option pricing in a Black-Scholes model.
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Applications Numerical Examples

Remark

Noticing that g(z) is a twice differentiable function with bounded second derivative, we can
reach a weak error of order 3 when using a Richardson-Romberg extrapolation denoted YERN
and defined by

wR o [ MPe(ZM) — N2g(ZN)

M,N - M2 — N2

For the next figure, we chose M := k x N with k = 1.2.

5x10°5 12

Normal —w— Normal —v—

45x105
4x10° 0
35x10°8
3x10°5
25x10°8
2x10°5

Weak-Error RR
Weak-Error RR X N3
B

15x10°%
1x10°5

5x106

0

0 50 100 150 200 250 300 350 400 450 500 0 50 100 150 200 250 300
Size of the optimal grid

350 400 450 500
Size of the optimal grid

(@) N 1o —TBRy1 () (b) v — N3 5 [l — TRy 1 (V)

Figure: Richardson-Romberg extrapolation, for Exchange spread option in a B&S model.
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Basket Option B&S

Payoff of a Basket
d
f(st,...,59) = <Z .Sk — > with price Iy :=e™ T E (Z oSk — K>
T k=1

+
4

Approximation of lp using a Monte Carlo estimator

e First, the Crude Monte Carlo estimator

M

Ty=eT = ! Z <Zo¢k5 >+.

e Second, the controlled Monte Carlo estimator

= e o Z (Zaks ) — (=M m),
+

m=1

V. Lemaire, T. Montes and G. Pagés Optimal Quantization



Applications Numerical Examples
Two possible control variates

e First, we consider

== f(ESL,... Sk ... ESY) —Ef(ESL, ... SN ... Es?).

—k

=,
In that case, the Monte Carlo estimator is denoted /,

e Second, we consider
=X =80, 2", ,0) ~Eg(0,---,Z",--- ,0)

where (Zk)kzli_“,d are i.i.d Gaussian random variables and (ZN)k:L“_,d is an optimal
22,N

quantizer of Z ~ N(0,1). In that case, the Monte Carlo estimator is denoted [, .
v

Optimal Quantization

. Lemaire, T. Montes and G. Pagés



Applications Numerical Examples

Parameters

s5 = 100, r=2%, oi=i/(d+1), p=05

and the specifications of the product are

K =100, a;=2i/(d(d+1))

N =20 N = 200

d MC Estimator Mean (£1.96xstd) MSE Mean (£1.96 xstd) MSE
Crude 14.2695 (+0.0662) | 0.1450 | 14.2695 (+£0.0662) | 0.1450

d=2 CV Gaussian 14.1017 (+0.0399) | 0.0774 | 14.2773 (+0.0399) | 0.0530
CV Log-Normal | 14.2351 (+0.0078) | 0.0026 | 14.2614 (+£0.0078) | 0.0020

Crude MC 14.1770 (£0.0671) | 0.1492 | 14.1770 (£0.0671) | 0.1492

d=3 CV Gaussian 14.0336 (+0.0451) | 0.0837 | 14.1685 (+0.0451) | 0.0673
CV Log-Normal | 14.1479 (+0.0104) | 0.0038 | 14.1674 (+£0.0104) | 0.0036

Crude MC 13.8803 (4+0.0720) | 0.1717 | 13.8803 (£0.0720) | 0.1717

d=5 CV Gaussian 13.6686 (+0.0562) | 0.1580 | 13.8883 (+0.0562) | 0.1044
CV Log-Normal | 13.8797 (4+0.0151) | 0.0080 | 13.9008 (+0.0151) | 0.0076

Crude MC 13.5046 (+0.0599) | 0.1186 | 13.5046 (+£0.0599) | 0.1186

d =10 | CV Gaussian 13.2429 (40.0515) | 0.1527 | 13.5113 (£0.0515) | 0.0878
CV Log-Normal | 13.4221 (+0.0194) | 0.0181 13.4983 (+0.0194) | 0.0124
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Figure: n =128, M = 1e4.
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